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Abstract A schedulability test is derived for the global Earliest Deadline Zero Laxity
(EDZL) scheduling algorithm on a platform with multiple identical processors. The
test is sufficient, but not necessary, to guarantee that a system of independent sporadic tasks with arbitrary deadlines will be successfully scheduled, with no missed
deadlines, by the multiprocessor EDZL algorithm. Global EDZL is known to be at
least as effective as global Earliest-Deadline-First (EDF) in scheduling task sets to
meet deadlines. It is shown, by testing on large numbers of pseudo-randomly generated task sets, that the combination of EDZL and the new schedulability test is able
to guarantee that far more task sets meet deadlines than the combination of EDF and
known EDF schedulability tests.
In the second part of the paper, an improved version of the EDZL-schedulability
test is presented. This new algorithm is able to efficiently exploit information on
the slack values of interfering tasks, to iteratively refine the estimation of the interference a task can be subjected to. This iterative algorithm is shown to have better
performance than the initial test, in terms of schedulable task sets detected.

This is an extended version of the ECRTS’07 paper of Cirinei and Baker (2007), with corrections
of some flaws in that original paper and a new iterative schedulability test based on Cirinei (2007).
This material is based upon work supported in part by the National Science Foundation under Grant
No. 0509131, and a DURIP grant from the Army Research Office.
T.P. Baker ()
Department of Computer Science, Florida State University, Tallahassee, FL 32306-4530, USA
e-mail: baker@cs.fsu.edu
M. Cirinei · M. Bertogna
ReTIS Lab, Scuola Superiore Sant’Anna, Pisa, Italy
M. Cirinei
e-mail: cirinei@gandalf.sssup.it
M. Bertogna
e-mail: marko@sssup.it

Real-Time Syst (2008) 40: 264–289

265

Keywords EDF · Earliest deadline first · EDZL · Earliest deadline zero laxity ·
Multiprocessor · Real time · Scheduling · Symmetric multiprocessing ·
Schedulability

1 Introduction
EDZL is a hybrid preemptive priority scheduling scheme in which jobs with zero
laxity are given highest priority and other jobs are ranked by deadline. In this report we apply demand analysis to Earliest Deadline Zero Laxity (EDZL) scheduling,
and derive conditions that are sufficient to guarantee that a system of independent
sporadic tasks with arbitrary deadlines will not miss any deadline if scheduled by
global EDZL on a platform with m identical processors. We also show through experiments how the new EDZL schedulability tests compare to known schedulability tests for global Earliest-Deadline-First (EDF) scheduling, on large numbers of
pseudo-randomly generated task sets.
It was previously shown by Cho et al. (2002) that when EDZL is applied as a
global scheduling algorithm for a platform with m identical processors its ability to
meet deadlines is never worse than pure global EDF scheduling, and that it is “suboptimal” for the two processor case, meaning that “every feasible set of ready tasks
is schedulable” by the algorithm. They propose this weak definition of optimality
as being appropriate for on-line scheduling algorithms, which cannot take into account future task arrivals. Cho et al. also provide experimental data, showing that
even though EDZL is not “suboptimal” for m > 2, it still performs very well. EDZL
is a proper extension of EDF, in the sense that both EDZL and EDF make the same
scheduling decisions up to a point where a job with zero laxity would not be scheduled by EDF. It follows that EDZL incurs at most one additional preemption overhead
over EDF per job, and the additional preemption occurs only for jobs that would fail
to meet their deadlines under EDF scheduling.
However, for systems with hard deadlines even optimal scheduling performance
is not enough if there is no practical algorithmic way to verify that a task set will
be scheduled to meet all its deadlines. In this paper, we address that need, by deriving tests that are sufficient to verify schedulability for sets of independent sporadic
task sets under global EDZL scheduling on m identical processors. We describe and
prove the correctness of several tests, starting from a simple one and improving the
tightness of the schedulability conditions by progressively refining the estimation of
the mutual interferences imposed among the various tasks. This allows us to derive
schedulability testing algorithms that are proved to detect many more schedulable
task sets than existing techniques.

2 Task system model
A sporadic task τi = (ei , di , pi ) is an abstraction of a process that generates a potentially infinite sequence of jobs. Each job has a release time, an execution time,
and an absolute deadline. The execution time of every job of a task τi is bounded
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by the maximum (worst case) execution time requirement ei . The release times of
successive jobs of each task τi are separated by the minimum inter-release time
(period) pi . The absolute deadline for the completion of each job of τi is r + di ,
where r is the release time and di is the relative deadline of τi . It is required that
ei ≤ min(di , pi ), since otherwise a job would never be able to complete within its
deadline. The scheduling window of a job is the interval between its release time and
absolute deadline. A task system τ has constrained deadlines if di ≤ pi for every
τi ∈ τ . Otherwise, the task deadlines are unconstrained, and for every task di can
be indifferently greater or lesser than pi . In order to generalize the description, it is
def

useful to define i = min(di , pi ), noting that for constrained deadlines i = di . In
this paper we always consider unconstrained deadlines task systems. The utilization
def

def

of a task is defined as ui = peii and the density as λi = eii .
An m-processor schedule for a set of jobs is a partial mapping of time instants and
processors to jobs. It specifies the job, if any, that is scheduled on each processor at
each time instant. For consistency, a schedule is required not to assign more than one
processor to a job, not to assign more than one job to a processor in the same time
instant, and not to assign a processor to a job before the job’s release time or after
the job completes. For a job released at time a, the accumulated execution time at
time b is the number of time units in the interval [a, b) for which the job is assigned
to a processor, and the remaining execution time is the difference between the total
execution time and the accumulated execution time. A job is backlogged if it has
nonzero remaining execution time. The completion time is the first instant at which
the remaining execution time reaches zero. The response time is the elapsed time
between the job’s release time and its completion time. A job misses its absolute
deadline if the response time exceeds its relative deadline.
The laxity (sometimes also known as slack time) of a job at any instant in time is
the amount of time that the job can wait, not executing, and still be able to complete
by its deadline. At any time t, if job J has remaining execution time e and absolute
deadline d, its laxity is d − e.
The jobs of each task are required to be executed sequentially. That is, the start
time of a job (the instant in which the job starts its execution) cannot be before the
completion time of the preceding job of the same task. If a job has been released but
is not able to start executing because the preceding job of the same task has not yet
completed, we say that the job is precedence-blocked. If a job has been released and
its predecessor in the same task has completed, the job is ready. If a job is ready, but
m jobs of other tasks are scheduled to execute, we say that the job is priority-blocked.
Let J be any job, and let τk be the corresponding task. The competing work
WiJ (a, b) contributed by any task τi = τk in an interval [a, b) is the sum of the lengths
of all the subintervals of [a, b) during which a job of τi is scheduled to execute while
job J is priority-blocked. The total competing work W J (a, b) in the interval [a, b)
is defined to be the sum of WiJ (a, b) over all the tasks, and the competing load is
defined to be the ratio W J (a, b)/(b − a).
Feasibility and schedulability A given schedule is feasible for a given task system if
it assigns each job sufficient processor time to complete execution within its scheduling window; that is, if the response time of each job is less than or equal to its relative
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deadline. A given job set is feasible if there exists a feasible schedule for it. In practice, feasibility does not mean much unless there is an algorithm to compute a feasible
schedule. A job set is schedulable by a given algorithm if the algorithm produces a
feasible schedule.
A sporadic task system is feasible if there is a feasible schedule for every set
of jobs that is consistent with the minimum inter-release time, deadline, and worstcase execution time constraints of the task system, and it is schedulable by a given
algorithm if the algorithm finds a feasible schedule for every such set of jobs.
A schedulability test for a given scheduling algorithm is an algorithm that takes as
input a description of a task system and provides as output an answer to whether the
system is schedulable by the given scheduling algorithm. A schedulability test is tight
if it always provides a simple answer of “yes” or “no”. It is sufficient if the algorithm
answers “maybe” in some cases.
For any scheduling algorithm to be useful for hard-deadline real-time applications
it must have at least a sufficient schedulability test, that can verify that a given job
system is schedulable. The quality of the scheduling algorithm and the schedulability
test are inseparable, since there is no practical difference between a job system that
is not schedulable and one that cannot be proven to be schedulable.
EDZL VS EDF EDZL scheduling is a variant of the well-known preemptive
Earliest-Deadline-First (EDF) scheduling algorithm. The difference is the zero laxity
rule: jobs with zero laxity are given the highest priority. Other jobs are ranked as in
EDF. Ties between jobs with equal priority are assumed to be broken arbitrarily.1 The
priority scheduling policy is applied globally, so that if there are m processors and m
or more ready jobs then m of the jobs with highest priority will be executing. Like
EDF, EDZL is work conserving, meaning that a processor is never idle if there is a
ready job that is not executing.
Simulation studies have shown that EDZL scheduling performs well (Cho et al.
2002). Moreover, it is quite easy to show that EDZL strictly dominates EDF (see
Theorem 2 in Park et al. 2005), with the meaning that if a task set is schedulable by
EDF on a platform composed of m processors, it is also schedulable by EDZL on the
same platform, and there exist task sets schedulable by EDZL and not by EDF. In fact,
intuitively, as noted by Cho et al. (2002), EDZL is actually the EDF algorithm with a
“safety rule” (the zero laxity rule) to be applied in critical situations. It means that the
scheduling of the two algorithm differs only in cases in which EDF fails scheduling
some tasks.
It follows that all the sufficient EDF schedulability tests are also sufficient for
EDZL, including the EDF density bound test, which was proposed for implicitdeadline systems by Goossens et al. (2003) and subsequently shown to extend to
constrained and unconstrained deadline systems. However, one would expect that the
addition of the safety rule might permit a stronger schedulability test, that is able to
verify the schedulability of task sets that are not schedulable by global EDF. To the
best of our knowledge, no such schedulability test for EDZL has been published. Our
objective is to find such a test.
1 This is a worst-case assumption. In practice one would have a specific tie breaking rule, such as to give

priority to a job that is already executing on a given processor, to avoid wasteful task switches.
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3 Predictability
An important subtlety in schedulability testing is that the so-called “worst-case” execution time ei of each task is just an upper bound; the execution times of different
jobs of a task can vary. This leaves open the possibility that the upper bound, or even
the actual maximum execution time of task, may not actually be the worst situation
with respect to total system schedulability. For multiprocessor scheduling, there are
well known anomalies, where a job set is schedulable by a given algorithm, but if the
execution time of one or more jobs is shortened, the job set becomes unschedulable.
Ha and Liu (1994) and Ha (1995) studied this problem, and were able to identify
certain families of scheduling algorithms that are predictable with respect to variations in job execution time. A scheduling algorithm is defined to be completion-time
predictable if, for every pair of sets J and J  of jobs that differ only in the execution
times of the jobs, and such that the execution times of jobs in J  are less than or equal
to the execution times of the corresponding jobs in J , then the completion time of
each job in J  is no later than the completion time of the corresponding job in J .
That is, with a completion-time predictable scheduling algorithm it is sufficient, for
the purpose of bounding the worst-case response time of a task or proving schedulability of a task set, to look just at the jobs of each task whose actual execution times
are equal to the task’s worst-case execution time.
An important class of scheduling algorithms for which Ha and Liu were able to
prove completion-time predictability is the preemptive migratable fixed job-priority
scheduling algorithms. One such algorithm is global preemptive EDF scheduling.
Unfortunately, while EDZL is preemptive and migratable, it does not have fixed job
priorities. Therefore, while one might suspect that EDZL could be predictable with
respect to execution time variations, a necessary first step in looking for a EDZL
schedulability test is to verify that. Piao et al. (2006) addressed this question and
showed that EDZL is completion-time predictable on the domain of integer time
values. The result clearly also applies to any other discrete time domain. We give a
somewhat more self-contained and direct proof below.
Theorem 1 (Predictability of EDZL) The EDZL scheduling algorithm is completiontime predictable, with respect to variations in execution time.
Proof We actually prove a stronger hypothesis; that is, if the only difference between
J and J  is that some of the actual job execution times are shorter in J  than in J ,
then the accumulated execution time of every uncompleted job in the EDZL schedule
for J  is greater than or equal to the accumulated execution time of the same job in
the EDZL schedule for J at every instant in time. It will follow that no job can have
an earlier completion time in J than in J  , since the actual execution times in J are
at least as long as in J  .
Suppose the above hypothesis is false. That is, there exist job sets J and J  whose
only difference is that some of the actual job execution times are shorter in J  than
in J , and such that at some time t the accumulated execution time of some uncompleted job is less with J  than with J . We will show that this leads to a contradiction,
and the theorem will follow.
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Without loss of generality, we can restrict attention to the case where J and J 
differ only in the actual execution time of one job. To see this, observe that between J
and J  there is a finite sequence of sets of jobs such that the only difference between
one set and the next is that the actual execution time of one job is decreased. Let
J and J  be the first pair of successive jobs in such a sequence such that at some
time t the accumulated execution time of some uncompleted job J is less with J 
than with J .
Let t be the earliest instant in time after which the accumulated execution time of
some uncompleted job is less with J  than with J , and let J be such a job. That is,
up through t the accumulated execution time of each uncompleted job in the schedule
for J is less than or equal to the accumulated execution time of the same job in the
schedule for J  , and after time t the accumulated execution time of job J is greater
with J than with J  .
Job J must be scheduled to execute starting at time t with J and not with J  .
This means some other job J  is scheduled to execute in place of J with J  . That
choice cannot be based on deadline, since the deadlines of corresponding jobs are
the same with J and J  , so it must be based on the zero-laxity rule. That is, J  has
zero laxity at time t with J  but not with J . However, that would require that J  has
greater accumulated execution time at time t with J than it does with J  . This is a
contradiction of the choice of t. Therefore, the theorem must be true.


4 Sketch of the test
The schedulability test we propose is based on the same core idea as Baker (2003),
Bertogna et al. (2005): with a work-conserving scheduling algorithm a job can miss
its deadline only if competing jobs of other tasks priority-block it for a sufficient
amount of time.
In order to analyze the conditions that are necessary for a job to miss its deadline,
we focus on the earliest point in a given schedule where any job misses a deadline, on
a specific job that misses its deadline at that point, and on the time interval between
the release of that job and its missed deadline. We let t denote the time of the first
missed deadline, call a job that misses its deadline at t the problem job, and call the
interval between its release time and deadline the problem window.
The analysis is done in the following steps:
1. Determine a lower bound on the total competing work that is needed in the problem window to cause the problem job to miss its deadline, or to cause another job
to reach zero laxity within the problem window.
2. Determine an upper bound on the competing work that can be contributed by each
individual task.
3. Combine the per-task bounds to obtain an upper bound on the total competing
work in the problem window.
The schedulability test amounts to a comparison of the results of steps 1 and 3. If
the upper bound of step 3 is less than the lower bound of step 1, that would be a
contradiction, so there can be no problem job; that is, the task is schedulable.
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The main difference between the EDZL tests we propose here and the EDF tests
explained in Baker (2003) and Bertogna et al. (2005) is that with EDF it is sufficient to find a possibly unschedulable task to conclude that the task set might not
be schedulable, while for EDZL it is necessary to also find at least m + 1 tasks that
may reach zero laxity, since EDZL would give maximum priority to the first m tasks
which reach zero laxity, and only the (m + 1)th task that reaches zero laxity can force
a deadline miss.

5 Lower bound
Recall that the laxity of a job, if positive, represents the amount of time that the
job can wait, without executing, and still have enough real time left that it could
complete execution within its deadline, if the schedule allowed it to execute for all of
that remaining time.
Whenever a job is blocked and does not execute, its laxity decreases, and whenever
the job executes, the laxity remains constant. When a job is released, its initial laxity is
equal to its relative deadline minus its execution time, di − ei , which is non-negative.
With both EDF and EDZL scheduling, the laxity of the problem job must become
negative at or before the missed deadline. That is, other jobs must block the problem
job for enough time within the problem window to consume all of its initial laxity,
plus at least one more instant of time. This is a necessary and sufficient condition for
a deadline miss, and is the sole basis of the analysis of EDF scheduling failures in
Baker (2003) and Bertogna et al. (2005). However, in the case of EDZL a scheduling
failure provides additional information.
Under EDZL, once any job J reaches zero laxity its priority will be raised to the
top and will stay at that level continuously up to the job’s finish time, which coincides
with its deadline. In this situation, only other jobs with zero laxity are able to force J
to wait (and so miss its deadline).
This means that in order for the problem job to miss its deadline (that is, reach
negative laxity) there must be at least m + 1 jobs (including the problem job itself)
that all have zero laxity together at some instant inside the problem window.
The following lemma provides a lower bound on the competing load of any job
that reaches zero laxity prior to the first missed deadline of the system.
Lemma 2 If EDZL is used to schedule a sporadic task system τ = {τ1 , . . . , τn } on m
identical processors and t is the first missed deadline of the system, then a job J of
task τk with deadline t can reach zero laxity before t only if the following inequality
holds, and can reach negative laxity before t only if it holds strictly (>):

J
i=k Wi (t − k , t)
≥ m(1 − λk )
(1)
k
Proof J can reach zero laxity only if it is blocked for at least dk − ek in its scheduling
window. Since EDZL is work-conserving, a released job can be blocked for only two
reasons:

Real-Time Syst (2008) 40: 264–289

271

1. precedence, by an older job of the same task;
2. priority, by jobs of equal or higher priority belonging to other tasks.
If dk ≤ pk , only one job of τk can be active at a time, so precedence never blocks
a job of such a task. In this case the job J can reach zero laxity only if jobs of other
tasks, with higher or equal priority, can occupy all m processors for at least dk − ek
time units in the scheduling window [t − dk , t). It follows that

WiJ (t − dk , t) ≥ m(dk − ek )
i=k

 W J (t − dk , t)
i

dk

i=k

≥ m(1 − λk )

and if the job reaches negative laxity the above inequalities must be strict (>).
In the other case, if dk > pk , the precedence constraint could block J . However,
we can still find a lower bound for the competing work and load by considering a
subinterval of [t − dk , t) over which J cannot be precedence-blocked. Because J
reaches zero laxity before t it must be that t − ek < t. Since we are assuming that
ek ≤ pk , it follows that t − pk ≤ t . Because t is the first missed deadline, any job
of τk released prior to t − pk must complete within its deadline, and so J cannot be
precedence blocked in the interval [t − pk , t). Since J reaches zero laxity, all the m
processors must be working on jobs other than J for pk − ek time units in the interval
[t − pk , t). (Of course this is a worst case upper bound, and a more exact estimate
would be pk − e where e is the remaining time execution time of the job J at time
t − pk . Unfortunately, it is difficult to estimate the remaining computation time of a
job without simulating the system.)
From this upper bound we obtain

WiJ (t − pk , t) ≥ m(pk − ek )
i=j

 W J (t − pk , t)
i

i=j

pk

≥ m(1 − λk )

and if the job reaches negative laxity the above inequalities must be strict (<).
The intervals and the bounds on competing work differ between the two cases
above, but because load is normalized by the interval length and because the definitions of λk and k differ for the two cases, the expression for the load bound is the
same. Therefore, both bounds can be unified as in the statement of the lemma.

Note again that with EDZL scheduling, considering the zero laxity rule, a job can
miss its deadline only if in a certain time instant both of the two following conditions
hold:
– the laxity of the job is zero;
– the laxity of at least m other jobs is zero.
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So, for a deadline to be missed there must exist at least m + 1 different tasks whose
jobs can be blocked by the others for a sufficient amount of time for each of them to
reach zero laxity, and at least one to reach negative laxity. By Lemma 2, there must
be at least m + 1 jobs for which the condition (1) above holds, and for at least one of
them the equation must hold strictly (>).
From this point on, we use the term terminal window to refer to the interval
[t − k , t), for any job of task τk with deadline t. The significance of the terminal window of a job is that it is a sub-interval of the scheduling window in which no
precedence blocking can occur, and hence the only interference experienced by the
job is due to priority-blocking by jobs of other tasks.

6 Upper bound
In this section we derive an upper bound for the contribution of a task τi to the competing work of any job J of task τk in its terminal window, [t − k , t), provided J
reaches zero laxity before t. We first determine the worst case release times of the
jobs of τi in J ’s terminal window, and then compute an upper bound on the amount
of competing work that τi can contribute with that set of release times.
6.1 Worst case release times
It is clear that the competing work WiJ (a, b) contributed by a task τi for any job J
in any interval [a, b) cannot be larger than when the release times of τi are exactly
periodic. That is, moving the release times of τi farther apart cannot increase the
competing work.
As contributors to the competing work, we do not need to consider any jobs that
have a deadline on or before the start of the terminal window [t − k , t). Such jobs
must have completed by time t − k . (This follows from the assumption that J
reaches zero laxity before the first missed deadline of the system, by the same argument as in the proof of Lemma 2.)
We do need to consider as contributors to the competing work every job of τi that
has its deadline in the terminal window of J . In order to maximize the competing
work of these jobs we can assume without loss of generality that they each execute as
late as possible, that is, exactly in the interval of length ei just before their deadlines.
Any job with both release time and deadline in the terminal window is not influenced
by this assumption, while the assumption can only increase (and cannot decrease) the
contribution of jobs with release times before the window.
We also need to consider any job of τi released in or before the terminal window
of J and with deadline after the window. Such a job can compete with J only when
its laxity is zero, which can happen no earlier than di − ei after its release time. Note
that this is equivalent to considering the job to execute as late as possible.
In all cases, whether a job has a deadline in the terminal window of J or after,
the worst case competing work contributed by that job cannot be greater than the
amount of time that the job would execute if it were scheduled to run for exactly the
ei time units before its deadline. So, the competing work contributed by a task τi in
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Fig. 1 Upper bound on carry-in

the terminal window of J cannot be greater than the amount of time the task could
execute if it were released periodically, at intervals of exactly pi , and each job were
scheduled to run in the last ei time units before its deadline.
We will next argue that the competing work contributed by τi cannot be greater
than if a deadline of τi is aligned with the deadline t of job J , as shown in Fig. 1.
The argument will consider what happens to the demand if we simultaneously
shift all the release times and deadlines of τi either forward or backward from that
alignment. The maximum shift we need to consider in either direction is pi , since for
longer shifts the effect is periodic:
– Forward movement: if we shift forward (meaning later in time) all the release times
by a quantity x ≤ pi , the maximum contribution of τi to the competing work in the
interval is decreased by min(x, ei ), which is the amount of its work shifted out of
the terminal window [t − k , t). The shift may increase the contribution of a job
at the start of the interval, but by at most min(x, ei ). Therefore, a forward shift of
the release times cannot increase the maximum contribution of τi to the competing
work, though it can decrease it.
– Backward movement: if we shift backward all the release times by x ≤ pi , the
first job of τi after the terminal window of J cannot achieve higher priority than
the problem job until it has reached zero laxity, so the maximum contribution of
τi to the competing work in the interval does not increase for x < pi − ei , while
for greater values of shift the increase is x − (pi − ei ) (see Fig. 1). We obtain an
increase of max(0, x −(pi −ei )). However, the shift also decreases the contribution
to the competing work by the first job of τi by at least max(0, x − (pi − ei )) (which
happens when the carried-in job of τi has its release time exactly at t − k ). Again,
the net change in the maximum contribution of τi to the competing work cannot
increase, though it can decrease.
Taking the two cases together, it is clear that an upper bound on the contribution of
τi to the competing work in any interval is achieved when the jobs of τi are released
periodically and one deadline of τi coincides with the end of the interval.
6.2 Worst case competing work
The following lemma establishes an upper bound on the contribution of any task τi
to the competing work of any job that is released before the first missed deadline of
the system.
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Lemma 3 If EDZL is used to schedule a sporadic task system τ = {τ1 , . . . , τn } on
m identical processors and t is the first missed deadline, and if J is a job of task τk
with deadline at time t that reaches zero laxity before time t, then the competing work
contributed by task τi in the terminal window of J is subject to the bound
WiJ (t − k , t) ≤ ni ei + min(ei , k − ni pi )
def

where ni = k /pi .
Proof In the worst-case scenario, all the jobs are released periodically and execute
exactly before their deadlines, as depicted in Fig. 1. The competing work of task τi is
then composed of two different contributions:
1. Body jobs. The contributions of the ni = k /pi  jobs of τi for which the interval
[t  − pi , t  ) immediately preceding the job’s deadline is completely contained inside J ’s terminal window, [t − k , t). Each one of these jobs contributes exactly
ei time units.
2. Carry-in. The contribution of one job, called the carried-in job, for which the
start of the interval [t  − pi , t  ) preceding the job’s deadline occurs before the
start of J ’s terminal window [t − k , t). This contribution is clearly less than
or equal to the worst-case execution time ei . The carry-in also cannot be greater
than the length of the interval between the start of the window [t − k , t) and
the completion time of the carried-in job. The deadline of the last of the ni jobs
is at time t, and the deadline of the first one is at time t − ni pi (they coincide if
ni = 0). The length of the interval during which the carried-in job can execute is
k − ni pi , so the size of the carry-in cannot be greater than min(ei , k − ni pi ).

Note that the upper bound of Lemma 3 depends only on the length of J ’s terminal
window, and not on the specific start and end points of the interval. Moreover, for any
fixed task τk , the length of the terminal window is fixed. Therefore, it follows from
Lemma 3 that the following is an upper bound on the contribution WiJ (t −k , t)∧k
of task τi to the competing load for any job of τk that reaches zero laxity before the
first missed deadline of the system:
βki =

ni ei + min(ei , k − ni pi )
k

(2)

7 First schedulability test
Based on the above lemmas, and considering that m + 1 tasks must have zero laxity
at the same time in order for a task to miss a deadline, one derives the following first
schedulability test for EDZL on a multiprocessor.
Theorem 4 (First EDZL test) A sporadic task system τ = {τ1 , . . . , τn } is schedulable
by EDZL on m identical processors unless the following condition holds for at least
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m + 1 different tasks τk , and it holds strictly (>) for at least one of them:


βki ≥ m(1 − λk )

(3)

i=k

where βki is defined as in (2).
Proof It was shown above that a job can miss its deadline only if it and at least m
other tasks reach zero laxity. According to Lemma 2, a job J of a task τk can reach
zero laxity only if the competing work of the other tasks in its terminal window is
greater than or equal to m(1 − λk ). By (2) the total competing load is no greater than

i
i=k βk . It follows that τ is schedulable by EDZL unless (3) holds for at least m + 1
tasks.
We also know that a job can miss its deadline only if it reaches negative laxity,
which Lemma 2 says can only happen if the competing work is strictly greater than
m(1 − λk ). It follows that τ is schedulable by EDZL unless (3) holds strictly for at
least one task.


8 Second schedulability test
To improve the precision of Theorem 4, we now reconsider the above definitions and
lemmas, verifying and adapting them to deal with interference, a concept introduced
by Bertogna et al. (2005). Some of the following results can be found, only with a
slightly different notation, in Bertogna et al. (2005), but we repeat them here in order
to help the reader.
The interference I J (a, b) on a job J of task τk over an interval [a, b) is the cumulative length of all the intervals in which J is priority-blocked.
The above definition, like that of competing load, does not include in the interference cases of precedence-blocking. If job J belongs to a task τk with dk ≤ pk ,
precedence-blocking cannot occur, but that is not true if τk has dk > pk . However, in
the terminal window [t − k , t) of a job J there cannot be any precedence-blocking,
so we can avoid distinguishing the two cases. For this reason, from now on we always consider the terminal window [t − k , t). (This is the main difference with the
analysis in Bertogna et al. (2005), where only constrained deadlines were considered,
and so no particular interval was selected.)
In every time instant in which job J of τk is priority-blocked, the m processors
must be occupied by exactly m jobs of tasks other than the task τk of job J . Consequently, the respective m values of competing work increase. From this it follows
that

J
def
i=k Wi (t − k , t)
J
I (t − k , t) =
.
m
The above results can be used to prove the following:
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Lemma 5 (Lemma 4 in Bertogna et al. 2005)

min(WiJ (t − k , t), x) ≥ mx.
I J (t − k , t) ≥ x ⇐⇒
i=k

Proof Only if. Let τ  ⊆ τ be the set of tasks τi for which WiJ (t − k , t) ≥ x, and
ξ is the cardinality of τ  . If ξ ≥ m the lemma directly follows, so we consider only
ξ < m.


min(WiJ (t − k , t), x) = ξ x +
WiJ (t − k , t)
i=k

τi ∈τ
/



= ξ x + mI J (t − k , t) −


τi ∈τ

WiJ (t − k , t)



≥ ξ x + mI J (t − k , t) − ξ I J (t − k , t)
= ξ x + (m − ξ )I J (t − k , t) ≥ ξ x + (m − ξ )x = mx
If. Note that if



I J (t − k , t) =

J
i=k min(Wi (t

− k , t), x) ≥ mx, it follows that

 W J (t − k , t)
i

m

i=k

≥

 min(W J (t − k , t), x)
i

i=k

m

≥

mx
=x
m


Considering the definition of interference, it is clear that a job J of τk can reach
zero laxity only if I J (t − k , t) ≥ k − ek . Note that this is again a worst-case
assumption which introduces some pessimism in the analysis. Applying Lemma 5,
we have that J can reach zero laxity only if

min(WiJ (t − k , t), k − ek ) ≥ m(k − ek )
i=k

and so



min(WiJ (t − k , t)/k , 1 − λk ) ≥ m(1 − λk )

(4)

i=k

It is very difficult to accurately compute the competing workload WiJ (t − k , t).
However, we can use the above upper bounds, and in particular introduce βki in (4).
Using the above lemma, we can prove the following (compare with Lemma 2).
Lemma 6 If EDZL is used to schedule sporadic task system τ = {τ1 , . . . , τn } on m
identical processors then a job J of task τk with deadline t can reach zero laxity
only if

min(βki , 1 − λk ) ≥ m(1 − λk )
(5)
i=k
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Proof The lemma follows directly by substitution of WiJ (t − k , t)/k for βki in
inequality (4).

Thanks to this result we can now formulate the following refined version of Theorem 4.
Theorem 7 (Refined EDZL test) A sporadic task system τ = {τ1 , . . . , τn } is schedulable by EDZL on m identical processors unless the following inequality holds for at
least m + 1 different tasks τk :

min(βki , 1 − λk ) ≥ m(1 − λk )
(6)
i=k

and the following inequality holds for at least one task

min(βki , 1 − λk ) > m(1 − λk )

(7)

i=k

where βki is defined as in (2).
Proof According to Lemma 6, a job J can reach zero laxity only if inequality (6) is
satisfied. Once J has reached zero laxity, as we say above, it can miss its deadline
only if at least m other tasks reach zero laxity. This can happen only if at least m + 1
tasks satisfy inequality (6).
It must also be the case that (7) applies for at least one task.

9 Iterative test
It is possible to improve the schedulability analysis of the previous sections by using a tighter bound on the interference a task can impose in a given window. Both
schedulability tests of Theorems 4 and 7 suffer from the gross overestimation of the
carry-in of an interfering task. For this reason, improvement is possible if we can give
a better estimation of the interfering contributions. We will improve this estimation
by taking into account an upper bound of the maximum finishing time of an interfering task. If we know that a task τi cannot receive enough interference to execute
close to its deadline, we can use this information to improve the estimation of the
interference WiJ (t − k , t) imposed by τi on a job J of a different task τk . To better
explain this technique, we introduce the slack terms into our analysis. The slack siJ
of a job J ∈ τi is defined as the minimum time interval between the finishing time f J
and the deadline (r J + di ) of the job. The slack si of a task τi is the minimum slack
among all jobs of τi :
def

si = min(r J + di − f J )
J ∈τi

Clearly, a positive slack implies that the task will always complete the execution of
each of its jobs before the job’s deadline. Exactly computing the slack is not an easy
task. If we would be able to give a lower bound on the slack of a task, we could
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refine the βki terms leading to upper bounds for the load of τi in the terminal window
[t − k , t) of a job of τk . The next theorem shows a way to provide a safe lower
bound on the slack.
Theorem 8 Every job J of task τk has a slack greater than or equal to
sklb = k − ek −

1
min(WiJ (t − k , t), k − ek )
m

(8)

i=k

where t = r J + dk is the deadline of the job, when this term is strictly positive.
Proof Suppose there is a job of τk with a slack s J less than sklb , and sklb > 0. Let J
be the first such job. Since sklb is strictly positive, it follows from (8) that

min(WiJ (t − k , t), k − ek ) < m(k − ek )
i=k

Applying Lemma 5, in the contra-positive, we have I J (t − k , t) < (k − ek ). Since
WiJ (t − k , t) ≤ I J (t − k , t) < k − ek , it follows that
min(WiJ (t − k , t), k − ek ) = WiJ (t − k , t)
We now consider separately the constrained and arbitrary deadline cases.
If job J belongs to a task with dk ≤ pk , the slack can be rewritten as
s J = (r J + dk ) − f J
= (r J + k ) − (r J + ek + I J (t − k , t))
1 J
= k − ek −
Wi (t − k , t)
m
i=k

1
min(WiJ (t − k , t), k − ek ) = sklb
= k − ek −
m
i=k

contradicting the hypothesis.
Otherwise, it must be true that dk > pk . Since J is, by hypothesis, the first job
having a slack less than sklb , all previous jobs of τk complete their execution at
least sklb > 0 time units before their deadlines. Therefore, there is no precedence
blocking in interval [t − k , t). Job J can then have a slack lower than sklb only if
I J (t − k , t) > k − ek − sklb . This happens when
sklb > k − ek − I J (t − k , t)
1 J
= k − e k −
Wi (t − k , t)
m
i=k

= k − ek −

1
min(WiJ (t − k , t), k − ek )
m
i=k
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Fig. 2 Worst-case interference of a task τi on a job of task τk when silb is a safe lower bound on the slack
of τi

which contradicts (8). The theorem is proved.



By replacing the terms for competing workload in (8) with the upper bound on the
workload given by Lemma 3, we obtain the following lower bound on the slack of τk ,
when this term is strictly positive:
sklb = k − ek −



1
min ni ei + min(ei , k − ni pi ), k − ek
m

(9)

i=k

Now, suppose a bound silb on the slack of a task τi is known, for instance by
using (9). We would like to exploit this information to tighten the estimation of the
workload of τi in the terminal window [t − k , t) of a job of task τk . Consider the
situation depicted in Fig. 2. We can use the known lower bound on the slack of τi to
improve the estimation of the body and the carry-in contributions of τi in the window.
Improving the terminal window Recall that k was chosen to be the minimum of
dk and pk because in the case that dk > pk we could not rule out the possibility of J
being precedence-blocked by an earlier job of τk . The bound silb allows us to replace
pk by pk + silb in the definition of k for all of the above analyses. Therefore, from
def

this point on, we replace k by ∗k = min(dk , pk + sklb ).
Improving the body We want to account for a new job in the body of the terminal
window only if the window is large enough to include the latest possible finishing
time of the previous job. Since the worst-case interference of a task τi on a job J of
task τk can still be found when a job of τi has an absolute deadline aligned with the
deadline t of J , the last interfering job of τi will complete after at most ∗k − silb time
instants from the beginning of the interval [t − ∗k , t). The formula to compute the
number of jobs included in the body, given any global lower bound silb on slack of τi ,
then becomes

lb 
∗
def max(0, k − si )
n∗i (silb ) =
(10)
pi
and is valid for both arbitrary and constrained deadline systems. The maximum term
is needed because silb can be greater than ∗k .
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Improving the carry-in The carry-in represents the contribution of the first interfering job that is preceded by a job whose finishing time is before the start of the
terminal window [t − ∗k , t). In other words, it denotes the interference not included
in the body. Since the carried-in job of τi finishes at least silb time instants before
its deadline, the interval in which it can execute inside the window [t − ∗k , t) is reduced by the same amount. As a consequence, the following is an upper bound on
the carry-in:


(11)
εi (silb ) = min ei , max(0, ∗k − silb ) − n∗i (silb )pi
Note that the definition of n∗i (silb ) implies εi (silb ) ≥ 0.
Combining the results for the body and the carry-in, the following result is proved.
Lemma 9 If EDZL is used to schedule sporadic task system τ = {τ1 , . . . , τn } on
m identical processors, the competing work contributed by task τi in the window
[t − ∗k , t) of a job J of task τk is subject to the bound
WiJ (t − ∗k , t) ≤ n∗i (silb )ei + εi (silb )
where silb is a valid lower bound on the slack of a task τi , and n∗i (silb ) and εi (silb ) are
given by (10) and (11).
Using the bound on the competing workload given by Lemma 9, we can then refine
the estimation of the interference imposed by a task τi on a task τk . This suggests
an efficient way to improve our analysis by iteratively refining—i.e., increasing—
the lower bounds on the slacks. Before describing this method, we first need the
following theorem.
Theorem 10 Suppose a set of slack lower bounds silb ≥ 0 is known for a task system
scheduled with EDZL, taking silb = 0 for the tasks without a known bound. A lower
bound on the slack of a task τk is then given by
sklb = ∗k − ek −



1
min n∗i (silb )ei + εi (silb ), ∗k − ek
m

(12)

i=k

when this term is strictly positive.
Proof Follows from Theorem 8, replacing the interfering terms with the lower bound
on the workload WiJ (t − ∗k , t) given by Lemma 9, or—when a slack lower bound

silb isn’t available—by Lemma 3.
We are now ready to state an iterative method to check the schedulability of a task
system composed by n sporadic tasks and scheduled with EDZL on a multiprocessor
platform. It basically consists in checking if it is possible to guarantee that at least
n − m tasks have a positive slack lower bound, so that no more than m tasks could
reach a zero-laxity condition, assuring EDZL-schedulability. To do that, we initially
set every slack lower bound to zero, and apply Theorem 10 to compute a lower bound
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Fig. 3 Pseudo-code for iterative EDZL schedulability test

for a task τk . If (12) returns a negative value, the slack bound value is not updated.
Otherwise the tighter slack bound is used to compute a lower bound on the slack of
another task, and so on. In this way, we can iteratively refine the slack estimate for
every task, using at each round the tighter values derived at preceding steps. When
n − m tasks have a positive slack lower bound value, we can declare the task system
schedulable. Otherwise, we continue iterating until no further slack update is possible. The function of (s1lb , . . . , snlb ) defined by the expression on the right-hand side of
(12) is non-decreasing with respect to each of the values (silb ), the slack of each task
cannot exceed di − ei , and we are dealing with integer time values, so this iterative
process must converge.
The pseudo-code for this algorithm, which we call EDZL-I, is given in Fig. 3.
Note that this algorithm is slightly more conservative than the theorem on
which it is based, since it treats zero slack as a scheduling failure rather than success.
Each iteration of the outer loop that does not result in Converged = True increases
at least one of the silb values, and none of those values can exceed di − ei . There
fore, the number of iterations of the outer loop cannot exceed i=1,...,n (di − ei ).
The inner loop has complexity O(n2 ), figured as O (n) for the number iterations of
the loop, times O (n) for the sum in the computation of NewSlack. Thus, the com
plexity of the entire algorithm is at most O(n2 i=1,...,n (di − ei )). This is clearly a
gross over-estimate. For the several million task sets examined in the experiments
described below, we never required more than six (6) iterations of the outer loop. If
slower convergence of the algorithm should become a concern for larger task sets, an
arbitrary bound can be imposed on the number of iterations of the loop, or a minimum can be imposed on the amount by which the slack of a task must decrease to set
Converged to False.
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10 Experimental evaluation
In order to see how well the EDZL algorithm and the above schedulability tests perform, a series of experiments were conducted. In the first set of experiments the EDZL
test of Theorem 7 and the EDZL-I test were applied to pseudo-randomly chosen task
systems. For comparison, the following four combinations of a global multiprocessor
scheduling algorithm and schedulability test were tested:
– EDF—pure global earliest-deadline-first scheduling, using the generalization of
the utilization-based test of Goossens et al. (2003) to density, called GFB in
Bertogna et al. (2005), and the test called BCL in Bertogna et al. (2005). Since
each of these tests is able to recognize some cases of schedulable task sets that the
other cannot, the combination was chosen to represent the currently most accurate
sufficient schedulability test for pure global EDF scheduling.
– EDF-UM—a hybrid between EDF and utilization-monotonic scheduling. It assigns top priority to jobs of the k − 1 tasks that have the highest utilizations, and
assigns priorities according to deadline to jobs generated by all the other tasks,
where k is the minimum value in the range 1, . . . , m for which the remaining n − k
tasks can be shown to be schedulable on m − k processors using either the GFB or
BCL test. A similar algorithm was found to be top performer among several global
scheduling algorithms studied in Baker (2006).
– EDZL—pure EDZL scheduling, with the schedulability test of Theorem 7.
– EDZL-I—the iterative schedulability test for EDZL presented in Sect. 9.
Tables 1, 2 and Figs. 4–7 show the results of some experiments on collections of
pseudo-randomly generated task sets. Several batches of such experiments were run,
with collections of task sets generated according to various rules. Task systems that
were trivially schedulable (n ≤ m or total density ≤ 1) were thrown out, as were task
systems that were obviously infeasible according to the tests Usum > m and throwforward load > m (Baker and Cirinei 2006). Task sets that were duplicates of those
previously tested, regardless of task order, were also thrown out.
Table 1 Verifiably schedulable cases out of 1,000,000 task sets, with di ≤ pi
Processors

EDF

EDF-UM

EDZL

EDZL-I

EDF/EDZL

EDF-UM only

4

82085

290750

327729

408809

408818

4989

8

48126

244222

320602

387780

387780

474

16

20291

199459

317067

380185

380185

7

Table 2 Verifiably schedulable cases out of 1,000,000 task sets, with P (di > pi ) = 1/3
Processors

EDF

EDF-UM

EDZL

EDZL-I

EDF/EDZL

EDF-UM only

4

169748

428785

479511

527693

527987

10533

8

88532

377018

493968

532721

532721

928

16

28200

339815

537945

576180

576180

9
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Fig. 4 Comparison of EDZL and EDF schedulability tests on 4 processors

The results of all the experiments were very similar in flavor, so the data from just
a few are reported here. Those are for two collections of 1,000,000 task sets which
had periods uniformly distributed in the range 1..1000 and utilization exponentially
distributed with mean 0.25, for m = 4, 8, 16 processors. For the first group the deadlines were constrained to be uniformly distributed in the range [ui pi , pi ]. The results
of these experiments are shown in Table 1 and Figs. 4–6. For the second group, deadlines were allowed to exceed the task periods, as follows:
– with probability 1/3, di = pi (periodic);
– with probability 1/3, di was uniformly chosen from the range [ui pi , pi − 1] (preperiod deadlines);
– with probability 1/3, di was uniformly chosen from the discrete values 2pi , . . . , 5pi
(post-period deadlines).
Columns 2–5 of Tables 1 and 2 show the total numbers of task sets (out of
1,000,000) that could be verified as schedulable by each of the tests. Clearly, EDZL
with the available tests is effective in verifying schedulability of more task sets than
EDF with the available tests, and there were very few cases where combining the EDF
and EDZL tests was of any benefit. While EDZL is effective in many more cases than
EDF-UM, overall, there were a few task sets that could be verified as schedulable by
EDF-UM but not verified as EDZL-schedulable; those numbers are shown in the last
column of the tables.
Since the EDF-UM criteria were able to verify schedulability for many more task
sets than the pure EDF criteria (and in a few cases could verify schedulability of
task sets for which the EDZL and EDZL-I tests failed), we also experimented with a
hybrid of EDZL and utilization-monotonic (EDZL-UM). The results are not shown
here because there was no difference between pure EDZL and EDZL with the iterative test. We believe this is a property of the zero-laxity scheduling rule, which is
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Fig. 5 Comparison of EDZL and EDF schedulability tests on 8 processors

Fig. 6 Comparison of EDZL and EDF schedulability tests on 16 processors

already a hybrid with EDF of a different kind; EDZL gives top priority to tasks that
are in danger of missing their deadlines; this cannot be improved upon by giving top
priority to any other tasks.
Figures 4–7 provide a more detailed view. Each graph is a histogram in which the
X axis corresponds to the total processor utilization Usum and the Y axis corresponds
to the number of task sets with Usum in the range [X, X + 0.01) that satisfy a given
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Fig. 7 Comparison of EDZL and EDF schedulability tests on 16 processors with some post-period deadlines

criterion. For the top line, which is unadorned, there is no additional criterion. That
is, the Y value is simply the number of task sets with X ≤ Usum < X + 0.01. For
the other lines, the criteria are the EDF, EDF-UM, EDZL, and EDZL-I as described
above.
The graphs show how the performances of the tests vary with respect to the total
utilization of the task sets. At most utilization levels the EDZL-I test dominates the
EDZL test, and EDZL dominates EDF. However, EDF-UM does better than EDZL
for smaller numbers of processors and task sets with high utilization.
Note that the above experiments do not distinguish performance differences due
to differences in accuracy of the schedulability tests from differences in ability of the
scheduling algorithms. That is, there is no distinction between (1) a task set that is
schedulable by the given algorithm but cannot be verified as schedulable by the given
test, and (2) a task set that is not schedulable by the given algorithm.
To the best of our knowledge, there are no known algorithms other than “brute
force” exhaustive state enumeration that can distinguish the above two cases. However, it is practical to perform an exhaustive verification of pure EDF and pure EDZL
schedulability for tasks sets with very short periods, using the brute-force algorithm
presented in Baker and Cirinei (2007). Figure 8 shows the result of experiments using
such a necessary-and-sufficient test of schedulability for pure EDF and pure EDZL
schedulability for 4 processors on a collection of 1,000,000 sets, without repetitions,
of tasks with periods in the range 1..5. All tasks with 100% utilization were considered equivalent to the task with unit period, deadline, and execution time. Task sets
that differed only in the order of tasks were considered repetitions. So were task sets
that were only “scaled up” by a constant factor from a prior task in the enumeration.
Tests on larger task systems were not practical, due to the exponential growth in time
and storage requirements of the necessary-and-sufficient algorithm.
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Fig. 8 Comparison of EDZL and EDF algorithms on 4 processors, using exhaustive schedulability tests

The lines labeled “Exhaustive EDZL” and “Exhaustive EDF” show the number of
task sets that were schedulable using the necessary-and-sufficient (brute force, exhaustive) tests of sporadic schedulability according to global EDF and global EDZL
algorithms, respectively. The lines labeled “EDZL”, “EDF”, and “total cases” have
the same meaning as in Figs. 4–6.
The graph is more jagged in appearance than those in Figs. 4–6, because limitation
of periods and execution times to 1..5 made many utilization values impossible or
very improbable.
For this collection of task sets, it is clear that there is much room for improvement
in the sufficient schedulability tests for both EDF and EDZL, which fail to recognize
most of the schedulable task sets. It is also clear that EDZL outperforms EDF by a
significant margin, both in combination with the conservative sufficient schedulability
tests and with the necessary-and-sufficient schedulability test. In fact, EDZL was able
to schedule virtually all of the task sets. Of course, it remains to be seen whether the
behavior of the algorithms on such simple, small task sets generalizes to larger task
sets and other numbers of processors.

11 Conclusions and future work
The tests reported here are the first known schedulability tests for global EDZL
scheduling on a multiprocessor platform. They provide two different ways to check
the schedulability of a task set. Theorem 7 is a simple test with linear complexity.
The iterative algorithm EDZL-I allows one to detect more schedulable task sets at
a slightly higher computational cost. The experiments with pseudo-randomly generated task sets indicate that EDZL with these sufficient schedulability tests is not
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only superior in performance to pure global EDF, but in most cases is also superior to an alternate EDF hybrid global scheduling that is known to outperform pure
EDF.
The approach followed in this analysis is very similar to that followed for EDF
in Baker (2003) and Bertogna et al. (2005). Therefore, we hope to be able to continue
to extend the analysis of EDZL along similar lines. In particular, we plan to introduce a tighter bound for the carry-in, using the technique proposed for EDF in Baker
(2003).
Another aspect that needs attention is the assumption that if m + 1 tasks can
reach zero laxity individually (what we test for), they can reach zero laxity at the
same time (what is required for a job to miss a deadline). This assumption clearly
introduces some pessimism in the analysis, and should be addressed in future extensions.
A more ambitious, but for the moment very distant, goal is the extension of the
whole analysis, in order to find a density bound for EDZL on a multiprocessor similar to the EDF density bound for implicit deadline systems. However, the proof of
the density bound in Goossens et al. (2003) is based on a “resource augmentation”
argument, which relates how long it takes to complete a set of jobs on m processors
to how long it takes to complete them on a single processor. Since EDF is already
optimal on one processor, it does not seem that this technique can derive any tighter
bound with EDZL, so a new proof technique may be required.
Empirical study is needed of the implementation of EDZL scheduling, including
the comparative overhead of EDZL versus simple EDF scheduling. The main functional difference is that the EDZL scheduler needs to detect when a task reaches zero
laxity, in order to raise its priority. This seems similar, but a bit simpler, than what
is required for least-laxity-first scheduling. It can be done using a single timer if one
maintains an auxiliary queue of the non-running tasks ordered by laxity. Rather than
directly tracking laxity, which will be decreasing over time for the non-running tasks,
one can maintain the queue in increasing order of the absolute time at which the laxity is predicted to reach zero. The predicted zero-laxity time remains static for each
job that is not running. The timer is set to go off at the earliest predicted zero-laxity
time. The timer needs to be reset whenever a task with earliest predicted zero-laxity
time is allowed to execute, and whenever a new task is released that is not chosen to
run immediately and has an earlier zero-laxity time than the other non-running tasks.
It seems likely that the overhead of this timer management will not be greater than,
for example, managing budget replenishments for algorithms like Sporadic Server
(Sprunt et al. 1989).
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