
Author's personal copy

Tests for global EDF schedulability analysis

Marko Bertogna a, Sanjoy Baruah b,⇑

a Scuola superiore Sant’ Anna, Pisa, Italy
bUniversity of North Carolina Chapel Hill, NC, USA

a r t i c l e i n f o

Article history:

Received 26 January 2010

Received in revised form 6 August 2010

Accepted 8 September 2010

Available online 18 September 2010

Keywords:

Multiprocessor scheduling

Earliest Deadline First

Global scheduling

Schedulability analysis

a b s t r a c t

Several schedulability tests have been proposed for global EDF scheduling on identical multiprocessors.

All these tests are sufficient, rather than exact. These different tests were, for the most part, indepen-

dently developed. The relationships among such tests have not been adequately investigated, so that it

is difficult to understand which test is most appropriate in a particular given scenario. This paper repre-

sents an attempt to remedy this, by means of three major contributions. First, we summarize the main

existing results for the schedulability analysis of multiprocessor systems scheduled with global EDF, show-

ing, when possible, existing dominance relations. We compare these algorithms taking into consideration

different aspects, namely, run-time complexity, average performances over randomly generated work-

loads, sustainability properties and speedup factors. Second, based on this comparative evaluation we

propose a recommended approach to schedulability analysis, that suggests a particular order in which

to apply preexisting tests, thereby accomplishing both good provable performance and good behavior

in practice. And finally, we propose a further improvement to one of these preexisting tests to improve

its run-time performance by an order of magnitude, while completely retaining its ability to correctly

identify schedulable systems.

Ó 2010 Elsevier B.V. All rights reserved.

1. Introduction

Scheduling and schedulability analysis of multiprocessor sys-

tems with migration support has recently been receiving increas-

ing attention in the real-time research community. Recent

advancements in multiprocessor and multicore technology are

reducing the migration-related penalties of global scheduling algo-

rithms, rendering more likely the adoption of such kind of schedul-

ers in actual systems.

From a real-time system design perspective, it is not only

important to have a test that is able to detect the schedulability

of a given task set, but also to do that in a reasonable amount of

time. In this paper we compare, both theoretically and experimen-

tally, the performances of the main existing schedulability tests for

sporadic task systems with hard real-time requirements, sched-

uled with global Earliest Deadline First (EDF) on an identical multi-

processor platform. In particular, we report on an exhaustive set of

simulations which analyze which test is able to detect the larger

number of schedulable task sets, for different randomly generated

distributions of task set parameters. We identify dominance and

incomparability relationships among the different tests. (A sched-

ulability test dominates another if all task systems identified as

being schedulable by one are also so identified by the other; two

tests are incomparable if there are task systems identified as sched-

ulable by each that the other fails to identify as being so.)

Based on this comparison, we present observations regarding

the practical application of the considered tests. We propose a spe-

cific order in which a subset of the tests – those that dominate all

other considered tests – be applied, such that the likelihood of

identifying schedulable systems with relatively small computa-

tional effort is increased, while ensuring (i) that the entire suite

of tests is together able to identify all schedulable task systems

that are identified by any considered test; and (ii) the theoretical

performance of the suite of tests, as quantified by its processor

speedup factor, is the best possible.

This recommended suite of tests has, as its final test (i.e., the

one to be applied if none of the prior tests is able to determine that

the system being tested is EDF schedulable), a recently-proposed

test that is based on the notion of forced-forward demand bound

function (FFDBF) [10]. The inclusion of this test is necessary in order

to retain the optimality property (on the processor speedup

factor); however, prior implementations of this test have tended

to be relatively inefficient. We propose here a means of speeding

up the run-time of this test by incorporating ideas from the Quick

convergence Processor-demand Analysis (QPA) test, proposed by

Zhang and Burns [25] in the context of uniprocessor EDF schedula-

bility analysis.

Organization: The remainder of this paper is organized as

follows. In Section 2, we briefly describe the task and machine
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model that we use, and provide notation and additional definitions

that will be used in the remainder of the paper. We also discuss the

notions of predictability, sustainability, and processor speedup fac-

tors, which are used as metrics for comparing the effectiveness of

different suficient EDF schedulability tests. In Section 3, we de-

scribe (Sections 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7) the previously-pro-

posed global EDF schedulability tests that we will be comparing

in this research, and (in Section 3.8) the new and improved one

that we propose as an improvement over prior tests. We also pres-

ent the salient features of each test. In Section 4 we draw some

informal conclusions from our survey of all these tests, and exploit

these conclusions to propose a combined suite of tests that, we be-

lieve, provides the best features of these tests in a practically appli-

cable manner. In Section 5 we describe the array of experiments

that we have conducted in order to test the different schedulability

tests, present the data generated by some of these tests, and draw

more concrete conclusions about their relative effectiveness.

2. System model

We consider a set s of n sporadic tasks [12] to be scheduled on

m identical processors using global EDF. Each task sk 2 s is charac-

terized by a three-tuple ðCk;Dk; TkÞ composed by a worst-case com-

putation time Ck, a relative deadline Dk P Ck, and a period, or

minimum inter-arrival time, Tk. In this paper, we will consider only

constrained deadline systems, for which Di 6 T i; 8si 2 s.
A task sk is composed by a sequence of jobs Jjk, where each job is

characterized by an arrival time rjk, a finishing time f jk and an abso-

lute deadline d
j
k. We say that a job is ready at time t, if t 2 rjk; f

j
k

h �

.

By extension, a task is ready (or backlogged) whenever it has a

ready job.

With global EDF, each task ready to execute is placed in a sys-

tem-wide queue, ordered by non-decreasing absolute deadline,

from which the first m tasks are extracted to execute on the avail-

able processors.

The tasks are assumed to be independent of each other, meaning

that no structure is shared, except for the computing units, and no

data is simultaneously requested by more than one task. There are

therefore no blocking effects caused by contemporary accesses to

serially usable resources.

The utilization (resp. density) of a task sk is defined as Uk ¼ Ck

Tk
(resp. kk ¼ Ck

Dk
), while the total utilization (resp. total density) is

Utot ¼
P

si2sUi (resp. ktot ¼
P

si2ski). Let Umax (resp. kmax) be the larg-

est utilization (resp. the largest density) among all tasks. The

response time Rk of sk is the worst-case finishing time among all

jobs of sk: Rk¼:max
J
j

k
2sk
ðf jk ÿ rjkÞ. The minimum slack Sk of sk is the

minimum distance between the absolute deadline and the finish-

ing time of any job of sk. It is therefore Sk¼:min
J
j

k
2sk
ðdj

k ÿ f jkÞ ¼
Dk ÿ Rk. Note that when a task set is schedulable, each task has a

non-negative slack and a response time lower than or equal to

the deadline.

The demand bound function of a task sk is defined as

dbfiðtÞ ¼
t ÿ Di

T i

� �

þ 1

� �

Ci:

In the following, we will use ðxÞ0 as a short notation for maxð0; xÞ.

2.1. Predictability and Sustainability

A system that becomes unschedulable when less stringent tim-

ing parameters are used is not sufficiently robust for critical appli-

cations. To capture this concept, Baruah and Burns introduced in

[11] the concept of sustainability. We report here the definition of

sustainability with relation to the sporadic task model adopted in

this paper.

Definition 1. (Sustainability) A scheduling algorithmA is sustainable

if and only if theA-schedulability of a sporadic task system implies the

A-schedulability of the same task system modified in any of the

following ways: (i) decreasing execution requirements; (ii) increasing

periods or inter-arrival times; (iii) increasing relative deadlines.

For the sporadic task model, Baker and Baruah showed in [1]

that EDF is sustainable with respect to decreased execution times

and later arrivals. Thanks to this result, all EDF-schedulability tests

for sporadic task systems are also valid for strictly periodic task

systems. However, sustainability w.r.t. deadline relaxations has

not previously been studied.

The concept of sustainability has also been extended to sched-

ulability tests. A test is sustainable if, given a task set passing the

test, another task set with less stringent timing requirements is

guaranteed to also pass the test. It is possible to build sustainable

sufficient schedulability tests even for task systems scheduled with

a non-sustainable algorithm.

2.2. Processor speedup factor

A metric that can be used to characterize the performance of a

schedulability test is the processor speedup factor. This is a lower

bound on the speedup factor s that guarantees that each feasible

task set on a platform composed by identical processors will pass

the considered schedulability test on a platform in which each pro-

cessor is s times as fast. In other words, this means that if the

schedulability tests fails, the task set cannot be scheduled with

any algorithm on a platform which is at most 1=s times as fast.

Phillips et al. proved in [24] the following (tight) resource aug-

mentation bound for collections of independent jobs that are

scheduled with EDF.

Theorem 1 (from [24]). Any collection of independent jobs that is

feasible upon m processors of a given speed, is schedulable with global

EDF upon m processors each of which is 2ÿ 1
m

ÿ �

times as fast. There are

collections of independent jobs feasible on m processors of a given

speed that are not EDF-schedulable on a platform of m identical

processors each of speed < 2ÿ 1
m

ÿ �

times as fast.

Although Theorem 1 does not generalize from collections of

independent jobs to sporadic task systems, it does provide a lower

bound on processor speedup factor for EDF schedulability tests for

sporadic task systems. Specifically, Theorem 1 implies that no

schedulability test for global EDF of sporadic task systems may

have a processor speedup factor less than 2ÿ 1
m

ÿ �

; the amount by

which the processor speedup factor of a particular EDF-schedulabil-

ity test exceeds this tight bound of 2ÿ 1
m

ÿ �

may be used as a mea-

sure of the optimality of the test.

3. Schedulability tests for global EDF

We now survey the main existing results in the schedulability

analysis of sporadic task systems scheduled with global EDF. We

omit existing works that are generalized by the results described

below.

Cucu and Goossens showed in [19] that to check the EDF-sched-

ulability of a synchronous periodic task set, it is sufficient to verify

if any deadline is missed in the generated schedule until the hyper-

period, i.e., the least common multiple of all tasks periods. How-

ever, since the synchronous periodic case does not characterize

worst-case behavior for sporadic task systems, the above result

cannot be used for the systems considered in this paper.

We hereafter recall the main existing sufficient schedulability

tests for multiprocessor systems scheduled with global EDF. Each

test will be denoted with an acronym, mostly derived taking the

first letter of the name of each author.
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3.1. GFB

In [23], the resource augmentation result of Theorem 1 has been

used by Goossens et al. as a basis to prove a utilization-based

schedulability test for implicit deadline sporadic task systems

scheduled with EDF. We report here the straightforward generaliza-

tion for constrained deadline systems.

Theorem 2 (GFB). A task set s is schedulable with global EDF if

ktot 6 mð1ÿ kmaxÞ þ kmax: ð1Þ

The test is sustainable w.r.t. all considered relaxations.

3.2. BAK

A different approach has been proposed by Baker in [2,3], ana-

lyzing the workload that must be executed in a particular window

to cause a deadline miss. For a job Jjk of task sk to miss its deadline

d
j
k, it is necessary that whenever sk does not execute, all m proces-

sor are busy executing other tasks (as in Fig. 1). Considering that sk
does not complete before its deadline, the total workload inside

interval rjk; d
j
k

h �

should be > mðDk ÿ CkÞ þ Ck.

To derive a schedulability condition, the above lower bound on

the workload is compared with the worst-case workload produced

by the jobs executing in the same window rjk; d
j
k

h �

. An upper bound

on the workload of such jobs can be found considering all tasks in a

strictly periodic release sequence and with a common deadline at

d
j
k, as in Fig. 2. However, computing a tight upper bound is not

straightforward due to the unknown contributions of the carry-in

jobs, i.e., instances arriving before to but with a deadline in

½to; tdÞ. For this reason, Baker proposes to enlarge the considered

window with the maximal l-busy interval, which is defined as fol-

lows (see Fig. 3). Consider a task sk that misses a deadline at time-

instant td. Let to be an earlier time-instant such that the total

amount of workload executed by all tasks in ½to; tdÞ is

P l�ðtd ÿ toÞ. The maximal l-busy interval is the largest interval

½to; tdÞwith the above property. Taking l 6 mÿ ðmÿ 1Þkk, it is pos-
sible to prove that there exist a unique maximal l-busy interval.

The particular way in which this interval is defined allows finding

a tighter upper bound on each carry-in contribution, improving the

estimation of the overall interference. By mathematical derivation,

the following theorem follows.

Theorem 3 (BAK, from [3]). A task set s is schedulable with global

EDF if, for all sk 2 s, there is a k 2 fkkg [ fU‘jU‘ P kk; ‘ < kg such that

X

si2s
minð1;bi;kðkÞÞ 6 mð1ÿ kÞ þ k; ð2Þ

where

bi;kðkÞ ¼
Ui 1þ maxð0;T iÿDiÞ

Dk

� �

if Ui 6 k

Ui 1þ T i
Dk

� �

ÿ k
Di

Dk
if Ui > k:

8

>

<

>

:

The overall complexity of the above schedulability test is Oðn3Þ.
A simplified Oðn2Þ test can be derived testing only the case k ¼ kk.

When deadlines are equal to periods, it is possible to reduce the

above test to the GFB test of Theorem 2. However, when deadlines

may be different from periods the tests are incomparable, as we

will show in our simulations.

Baker and Cirinei [6] later modified Theorem 3, integrating it

with techniques described in [15,16]. However, simulations in [6]

show that the comparison with the BAK test is not favorable in

the EDF case. We will therefore not consider the EDF test derived

in [6] in our simulations.

3.3. BAR

Somewhat similar techniques have been applied by Baruah in

[7], deriving another sufficient schedulability condition, presented

below as Theorem 4. The rationale behind this derivation is as

follows.

Consider any minimal legal sequence of job requests of task sys-

tem s, on which EDF misses a deadline. Suppose that a job of task sk
is the one to first miss a deadline, and that this deadline miss oc-

curs at time-instant td (see Fig. 4). Let ta denote this job’s arrival

time: ta ¼ td ÿ Dk. Let to denote the latest time-instant 6 ta at

which at least one processor is idled in this EDF schedule. Let

Ak¼: ta ÿ to.

In order for sk’s job to execute for strictly less than Ck time-units

over ½ta; tdÞ, it is necessary that all m processors be executing jobs

other than sk’s job for strictly more than ðDk ÿ CkÞ time-units over

½ta; tdÞ. Let us denote by Ck a collection of intervals, not necessarily

contiguous, of cumulative length ðDk ÿ CkÞ over ½ta; tdÞ, during

which allm processors are executing jobs other than sk’s job in this

EDF schedule.

For each i;1 6 i 6 n, let IkðsiÞ denote the contribution of si to the

work done in this EDF schedule during ½to; taÞ
S

Ck. Let us say that si
has a carry-in job in this EDF schedule if there is a job of si that ar-
rives before to and has not completed execution by to. By the def-

inition of to, there can be at most mÿ 1 such jobs. Upper bounds

are computed in [7] on IkðsiÞ if si has no carry-in job (this is de-

noted as I0kðsiÞ), or if it does (denoted as I00kðsiÞ). These definitions

and computations together yield the following sufficient schedula-

bility condition; see [7] for the derivation.

Theorem 4 (BAR from [7]). A task set s is schedulable with global

EDF if, for all sk 2 s and all

0 6 Ak 6
CR ÿ Dkðmÿ UtotÞ þ

P

si2sðT i ÿ DiÞUi þmCk

mÿ Utot

;

it is the case that1

Fig. 1. Problem window.

Fig. 2. Scenario that produces the maximum possible interference of task si on a job

of task sk when EDF is used.

1 Note that [7] incorrectly presents Inequality 3 as not strict (6rather than<). We

use the corrected version here.
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X

si2s
I0kðsiÞ þ I�k < mðAk þ Dk ÿ CkÞ; ð3Þ

with

I�k¼
: X

ijðmÿ1Þlargest
ðI00kðsiÞ ÿ I0kðsiÞÞ;

I0kðsiÞ¼
: minðdbfiðAk þ DkÞ;Ak þ Dk ÿ CkÞ; if i – k

minðdbfiðAk þ DkÞ ÿ Ck;AkÞ; if i ¼ k;

(

I00kðsiÞ¼
:

min AkþDk

T i

j k

Ci þminðCi; ðAk þ DkÞmod T iÞ;
�

Ak þ Dk ÿ CkÞ; if i – k

min AkþDk

T i

j k

Ci þminðCi; ðAk þ DkÞmod T iÞ
�

ÿCk;AkÞ; if i ¼ k

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

and CR denoting the sum of the ðmÿ 1Þ largest execution times among

all tasks.

When Utot < m, this condition can be checked in pseudo-poly-

nomial time.

3.4. LOAD

A different category of EDF-schedulability tests is based on the

computation of the LOAD of a task set, defined as

load ¼max
t

P

si2sdbfiðtÞ
t

: ð4Þ

Fisher et al. showed in [21] that it is sufficient to evaluate the max-

imum in the RHS of Eq. (4) over each point fDj þ kT j j k 2 N;1 6
j 6 ng until the least common multiple of all task periods. In the

same paper, they show as well methods to further reduce the num-

ber of points to consider. However, the complexity of such methods

is still exponential in the worst-case. To decrease the overall com-

plexity, polynomial and pseudo-polynomial algorithms are pro-

posed to compute an approximated estimation of the load within

a given margin of error. See [20] for a detailed discussion concern-

ing exact and approximation computations of load.

Different load-based sufficient schedulability tests for EDF have

been proposed in [22,9,8]. In [4], the following result due to Baker

and Baruah is shown to dominate the previous load-based

conditions.

Theorem 5 (LOAD from [4]). A task set s is schedulable with global

EDF if

load 6 maxflÿ klmax; ðdle ÿ 1Þ ÿ kdleÿ1max g; ð5Þ

where l¼:mÿ ðmÿ 1Þkmax, and kxmax is the sum of the ðdxe ÿ 1Þ largest
densities among all tasks.

The authors proved that the above EDF-schedulability test (i) is

sustainable and (ii) has a processor speedup bound of

2ðmÿ 1Þ
ð3mÿ 1Þ ÿ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5m2 ÿ 2mþ 1
p ;

approaching 3þ
ffiffi

5
p

2
’ 2:62 as m!1.

3.5. BCL

Bertogna et al. presented in [15] a schedulability test with poly-

nomial complexity, bounding, for each task sk, the interfering

workload that can be produced in the scheduling window rjk; d
j
k

h �

of a generic job Jjk. This test has been later improved in [17], pre-

senting an iterative procedure that allows tightening the estima-

tion of the interfering workload, exploiting the information on

the slack of each tasks. Suppose a lower bound Slbi is known on

the slack of an interfering task si. As shown in Fig. 5, the interfering

contribution of si in rj
k
; d

j
k

h �

can be reduced – compared to Fig. 1 –

by noting that the execution of the carry-in job Jhi should be at least

Slbi time-units from its deadline d
h
i . We hereafter describe the pro-

cedure used by the BCL test to check the schedulability of a task set

by iteratively refining the slack lower bound of each task:

� The slack Slbk of each task is initialized to zero.

� Then, for each task sk, the following expression is computed

Dk ÿ Ck ÿ
1

m

X

i–k

min I
i
k;Dk ÿ Ck þ 1

� �

$ %

; ð6Þ

with

I
i
k¼
: Dk

T i

� �

Ci þmin Ci; Dk mod T i ÿ Slbi

� �

0

� �

; ð7Þ

If the returned value is > Slbk , it is assigned to Slbk ; if instead it is < 0,

sk is marked as ‘‘potentially not schedulable”.

Fig. 3. l-Busy interval.

Fig. 4. Notation. A job of task sk arrives at ta and misses its deadline at time-instant td . The latest time-instant prior to ta when not all m processors are busy is denoted to.

Fig. 5. Scenario with the maximum possible interference of si on a job of sk with

EDF, when Slbi is a safe lower bound on the slack of si .
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� If no task has been marked as potentially not schedulable, the

task set is declared schedulable. Otherwise, the previous step

is repeated.

� If during the last round no slack has been updated, the iteration

stops and the task set is declared not schedulable.

The complexity of the procedure depends on the number of

iterations, each one having complexity Oðn2Þ. A rough upper bound

on the total number of iterations is
P

kðDk ÿ CkÞ ¼ OðnDmaxÞ.
However, the test can be stopped after a finite number N of

iterations. In this case, the total complexity of the test is Oðn2NÞ.
Simulations show negligible losses even with a very low N (equal

to a few units).

3.6. RTA

In [14], a schedulability test has been derived based on the iter-

ative estimation of the response time of each task. The procedure

(RTA) is the same as procedure BCL, replacing the second step with

the following one:

� For each task sk, compute Rub
k as the smallest fixed point of the

following expression, starting with Rub
k ¼ Ck, and failing if Rub

k

becomes > Dk:

Rub
k  Ck þ

1

m

X

i–k

min WiðRub
k Þ;Ii

k;R
ub
k ÿ Ck þ 1

� �

$ %

;

with I
i
k given by Eq. 7, and

WiðLÞ ¼
Lþ Di ÿ Ci ÿ Slbi

T i

$ %

Ci

þmin Ci; Lþ Di ÿ Ci ÿ Slbi

� �

mod T i

� �

:

If the operation failed, mark si as ‘‘potentially not schedulable”;

otherwise, assign

Slbk ¼ Dk ÿ Rub
k : ð8Þ

With this modification, the estimation of the interference on a

task sk is tightened: while BCL considers the workload that the

interfering tasks execute in the whole window rjk; d
j
k

h �

, RTA con-

siders just the share that these tasks can execute during an upper

bound of the response time of sk, i.e., in rjk; r
j
k þ Rub

k

h �

�
rjk; d

j
k ÿ Slbk

h �

. To find the maximum workload an interfering task

can execute in a window of length Rub
k ¼ L, consider Fig. 6, where

the densest possible packing of jobs of a task si, having a slack low-

er bound Slbi , is depicted. Based on this figure, it is possible to prove

[14] thatWiðLÞ is a valid upper bound on the workload a task si can
execute in a window of length L.

The overall complexity of the test is Oðn3D2
maxÞ, and therefore

pseudo-polynomial. Differently from the BCL case, if the number

of rounds is limited to N, the overall complexity is still pseudo-

polynomial: Oðn2NDmaxÞ. The average complexity of the test can

be significantly reduced, with a very limited performance degrada-

tion, replacing the term Rub
k ÿ Ck ÿ 1 with Dk ÿ Ck ÿ 1 in the mini-

mum of the fixed point iteration expression.

Both RTA and BCL are sustainable with respect to task periods

[13]. More work is needed to verify the sustainability with respect

to execution times and deadlines.

As a final remark, note that an improved version of BAR can be

derived exploiting the slack lower bounds computed by RTA. In

case RTA fails, BAR can be applied using a refined expression of

the term I00kðsiÞ (note the analogy with the term I
i
k of Eq. 7 in BCL

and RTA):

I00kðsiÞ¼
:

min AkþDk

T i

j k

CiþminðCi;ðAkþDkÞmodT iÿSlbi Þ;AkþDkÿCk

� �

; if i–k

min AkþDk

Ti

j k

CiþminðCi;ðAkþDkÞmodT iÿSlbi ÞÿCk;Ak

� �

; if i¼k

8

>

<

>

:

ð9Þ

The proposed integrated composition of RTA and BAR allows find-

ing a larger number of schedulable task sets than with the simple

serial combination of these tests. This is because we are able to con-

temporarily exploit both BAR’s limitation on the number (mÿ 1) of

carry-in jobs, and RTA’s improved estimation of the potential carry-

in contribution of each task.

3.7. FFDBF

Recently, Baruah et al. proposed in [10] a schedulability test

based on the forced-forward demand bound function. The forced-

forward demand bound function of a task si is defined as follows:

ffdbfiðt;rÞ ¼
t ÿ Di

T i

� �

þ 1

� �

Ciþ
�

r ðt ÿ DiÞmod T i ÿ T i þ
Ci

r

� �

0

�

:

Informally speaking, ffdbfiðt;rÞ can be thought of the maximum

cumulative execution requirement by jobs of task si over an interval

of length t, provided that execution outside the interval occurs on a

speed-r processor – see Fig. 7.

The forced-forward demand bound function of a task system s
is simply the sum of the forced-forward demand bound functions

of its constituent tasks:

ffdbf ðt;rÞ ¼
X

si2s
ffdbfiðt;rÞ:

The following theoremmakes use of the above definition to derive a

sufficient schedulability condition – see [10] for a derivation.

Theorem 6 (FFDBF from [10]). A task set s is schedulable with

global EDF if 9rjkmax 6 r < mÿUtot

mÿ1 ÿ � (with an arbitrarily small �),
such that 8t P 0,

ffdbf ðt;rÞ 6 ðmÿ ðmÿ 1ÞrÞt ð10Þ
It can be proved that it is sufficient to check only those values of

t in fkT i þ Dij k 2 Ngni¼1 that are smaller than2

P

si2sCi 1ÿ Di

T i

� �

mÿ ðmÿ 1Þrÿ Utot

: ð11Þ

Considering the given range of r, the set of values of t to be checked

has pseudo-polynomial size. Assume this testing set to be ordered.

The following algorithm optimally exploits the result of Theorem 6,

reducing the set of r to be checked:

� Start considering rcur ¼ kmax.

� Check condition 10 for the current rcur, for each t in the testing

set in increasing order.

Fig. 6. Densest possible packing of jobs of si , when Slbi is a safe lower bound on the

slack of si . 2 We present here a tighter bound that the one in [10].
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� If the condition is violated at a given t, compute the first

rP rcur that satisfies the condition, and assign rcur  r. (It is
explained in [10] how this smallest rP rcur satisfying the

condition can be computed.) If rP mÿUtot

mÿ1 ÿ �, the test fails.

Otherwise, return to the previous step, continuing with the

new rcur, without re-checking the values of t that have been

already checked with an older r.

The complexity of the above algorithm is pseudo-polynomial.

Moreover, the schedulability test has a processor speedup factor

of 2ÿ 1
m

ÿ �

, which is the smallest possible for EDF, as proved by the

tightness of Theorem 1.

3.8. QPA-based FFDBF

A faster version of the above algorithm can be derived

extending the Quick convergence Processor-demand Analysis

(QPA) described in [25] to the multiprocessor case under consid-

eration. While the original QPA algorithm has been imple-

mented to derive a necessary and sufficient EDF-schedulability

condition for uniprocessor systems, we present here a QPA-

based sufficient schedulability test for multiprocessor systems

scheduled with global EDF. The algorithm modifies the way in

which FFDBF evaluates for possible values of r and t, detecting

the same number of schedulable task sets with a smaller num-

ber of steps.

The schedulability condition of Theorem 6 is checked in the fol-

lowing way:

1. Start considering rcur ¼ kmax.

2. Take t equal to the value given by 11.

3. While condition 10 is satisfied, take as the next point t0 the min-

imum between (i) the last deadline before t, and (ii) the time at

which ðmÿ ðmÿ 1ÞrÞt0 equals ffdbf ðt;rÞ.

Fig. 7. Illustrating ffdbfiðt;rÞ.

Fig. 8. QPA-based version of FFDBF.
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4. If the minimum deadline is reached, the algorithm declares the

task set feasible.

5. Otherwise, increase r by �, until condition 10 is satisfied and

return to step 2. If r exceeds the limit mÿUtot

mÿ1 ÿ �, the algorithm

fails.

Basically, instead of checking all deadlines in increasing order,

the algorithm starts from the last deadline before the limit of

(11) and jumps back to a previous point, skipping many intermedi-

ate deadlines. It continues until either the minimum deadline is

reached – returning a positive answer – or a value is found for

which condition 10 is violated. In this latter case, r is incremented

until the condition is satisfied. If r reaches its limit, the algorithm

fails. The pseudocode of the algorithm is given in Fig. 8.

The following theorem shows that procedure QPAÿ FFDBFðsÞ is
correct and that it fully exploits the insight of Theorem 6.

Theorem 7. Algorithm QPAÿ FFDBFðsÞ detects the same number of

schedulable task sets as FFDBF.

Proof. The proof is identical to the proof contained in [25],

replacing the uniprocessor necessary and sufficient schedulability

condition (dbf ðtÞ 6 t) with Condition 10. Since ffdbf ðt;rÞ and t !
ðmÿ ðmÿ 1ÞrÞt are monotonically non-decreasing functions of t,

the same reasonings involving dbf ðtÞ and t in [25] can be applied

to show that procedure QPAÿ FFDBFðsÞ optimally exploits Condi-

tion (10). Since all meaningful r’s are checked, QPAÿ FFDBFðsÞ
detects the same number of schedulable task sets as FFDBF.

To prove that procedure QPAÿ FFDBFðsÞ converges in a finite

number of steps, observe that the while loop at line 1 is evaluated a

finite number of times, because r is incremented by a fixed value �
at each round. Instead, the convergence of the inner loop at line 3

descends from the minimum at line 4; since PrevDðtÞ returns the

last deadline before t, the loop is iterated at most once for each

deadline. Since there are pseudo-polynomially many deadlines, the

algorithm converges in a pseudo-polynomial number of steps. h

In our simulations, we found that the total number of points

checked by QPAÿ FFDBFðsÞ is typically one order of magnitude

smaller than with FFDBF.

4. Considerations

Only few dominance results can be claimed for the presented

schedulability tests. Namely, it is possible to analytically prove that

(i) FFDBF dominates GFB, and (ii) RTA dominates BCL. All other

pairs of tests are incomparable, meaning that it is possible to find

schedulable task sets that are detected by only one of the test, and

vice-versa (differently from what is claimed in some of the related

papers). We hereafter try to outline the main features that un-

iquely characterize each test. The differences among the tests are

mainly related to the considered problem window – i.e., a window

ending with a missed deadline – and the adopted bound on the car-

ry-in contributions – i.e., the interference due to jobs not entirely

contained inside the considered problem window.

� The condition used by BAK is derived considering a particular

scheduling window, that allows deriving a bound on the maxi-

mum carry-in contribution of each task.

� The particularity of BAR is a bound provided on the total number

of carry-in contributions, limited by ðmÿ 1Þ.
� A different bound on the total number of carry-in contributions

is used in LOAD: dle ÿ 1, (see Theorem 5 for the definition of l),
along with another bound on each carry-in contribution.

� The peculiar advantage of BCL and RTA is the iterative estima-

tion of the maximum carry-in contribution of each task (how-

ever, the total number of carry-in contributions is not

bounded);

� The iterative way in which the problem window is defined in

FFDBF allows deriving a bound on the total amount of carry-

in that can be imposed on any task. A similar, although weaker,

bound is found in the GFB case as well.

To better clarify the relative performances of each one of the

above techniques, we performed an exhaustive set of simulations.

We decided to analyze as well the performance of a new test

(denoted as COMP) realized composing RTA, BAR and FFDBF. In

particular, COMP is based on the following procedure:

1. Apply RTA to the given task set, storing each computed positive

slack lower bound for later use.

2. If RTA does not succeed, apply BAR using Eq. 9 to compute the

term I00kðsiÞ, exploiting the positive slack lower bounds derived

at the previous step.

3. If also this test fails, apply FFDBF.

4. When, again, a negative result is obtained, it is at least possible

to state a processor speedup result: the task set is not feasible

on a platform in which each processor is 1= 2ÿ 1
m

ÿ �

¼ m
2mÿ1 times

as fast.s

As previously mentioned, the proposed integration of RTA and

BAR allows finding a larger number of schedulable task sets than

with the simple serial combination of both tests. Moreover, we

added FFDBF to be able to claim a processor speedup result in case

the test fails. We decided not to include other tests, because GFB

and BCL are already dominated by, respectively, FFDBF and RTA,

while BAK and LOAD would add very few schedulable task set

detections to COMP (less than one over 106 generated task sets).

5. Experimental results

In this section, we show the results of the simulations we per-

formed computing the number of schedulable task sets, among a

randomly generated distribution, that are detected by each one

of the analyzed schedulability tests; namely: GFB, BAK, BAR,

LOAD, BCL, RTA, FFDBF and COMP.

To properly compare the schedulability tests described

throughout this work, a first problem is how to generate a distribu-

tion of task sets that is representative of the general behavior of a

real-time system. Using the method described in [18] to generate a

uniform distribution of task sets with a desired total utilization is

not so straightforward in the multiprocessor case, unless accepting

tasks with utilization larger than one. Since such tasks would be

trivially not feasible, we will adopt a different technique.

Another problem is related to the absence of exact feasibility

and schedulability tests for globally scheduled multiprocessor

systems. Since no such test is known, we don’t have any term

of comparison against which to evaluate the absolute perfor-

mances of a given schedulability test. To sidestep this problem,

an option is to use necessary (albeit not sufficient) conditions

for feasibility. The tightest known necessary test with reasonable

complexity is the one described in [5]. We will implement a pseu-

do-polynomial version of this test, and use this algorithm to de-

cide which task set to consider from a randomly generated

distribution: every task set that is rejected by this test, will also

be excluded by our testing set.

5.1. Experiment setup

Each task is generated in the following way: utilization ex-

tracted according to an exponential distribution with mean ru,
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removing tasks with utilization Ui > 1; period from a uniform dis-

tribution in [0,2000], and execution time accordingly computed as

Ci ¼ UiT i; deadline from a uniform distribution between Ci and T i.

For each experiment, we generated 106 task sets according to

the following procedure:

1. Initially, we extract a set of mþ 1 tasks.

2. We then check if the generated task set passes the necessary

condition for feasibility proposed in [5]. If not, we discard the

task set, returning to step 1.

3. If instead the answer is positive, we apply each considered

schedulability test to the generated task set.

4. Then, a new set is created adding a new task to the old set,

returning to step 2.

This method allows generating task sets with a progressively

larger number of elements, until the necessary condition for feasi-

bility is violated.

The simulations have been performed for many different config-

urations, varying the number of processors m and the mean task

utilization ru.

5.2. Evaluation of experiments

The results are shown in the following histograms. Each line

represents the number of task sets proved schedulable by one spe-

cific test. The curves are drawn connecting a series of points, where

each point at a utilization Ux represents the collection of task sets

with total utilization in Ux ÿ 2
100

�
m;Ux þ 2

100

�
m

� �

. To give an upper

bound on the number of feasible task sets, we included a continu-

ous curve labeled with TOT, representing the distribution of gen-

erated task sets that meet the necessary feasibility condition. To

help the reader understand the relative performances of the vari-

ous algorithms, keys are always ordered according to the total num-

ber of task sets detected by the corresponding test: tests with a

lower key position detect a lower number of task sets.

In Fig. 9, we show the case with m ¼ 2 processors. As we can

see, COMP is able to detect a larger number of schedulable task

sets than any of the existing tests. Among those latter ones, the

best performances are shown by BAR, RTA and FFDBF. The curve

of BCL is pretty close, although slightly lower. The remaining tests

have instead much worse performances.

We found that only very few task sets are found schedulable by

BAK (1 task set) or LOAD (12 task sets) and not by COMP over 106

generated task sets.

In Fig. 10, we present the case with m ¼ 4 processors. The situ-

ation is more or less the same as before, except for the worse

behavior of BAR and FFDBF. In the BAR case, this can be explained

with the larger number of carry-in contributions (mÿ 1) that the

test needs to take into account when the number of processors in-

creases. The worse performance of FFDBF is instead due to the lar-

ger number n of tasks per set when more processors are added.

When n is large, there are more chances to extract a large kmax,

reducing the RHS term of Eq. 10.

The best performances are still shown by COMP and RTA,

although the difference between the curves of both algorithms

is reduced. BCL’s curve is still close, while all other algorithms

have significant losses. The larger distance from the TOT curve

is motivated by the worse performances of EDF when the num-

ber of processor increases, and does not seem a weak point of

the tests. Further increasing the number of processors, the

above results are magnified, as shown in Fig. 11 for the case

with m ¼ 8 processors. In this case, COMP, RTA and BCL are

the only tests that guarantee reasonable acceptance rates, while

the remaining algorithms are almost useless. This is confirmed

by the negligible distance between the curves of RTA and

COMP. Among sustainable tests, GFB allows achieving perfor-

mances comparable to LOAD, at a much smaller computational

cost.

Increasing the mean utilization of the generated task sets to

ru ¼ 0:50, we obtained the histograms in Fig. 12 for the case with

m ¼ 2. Again, it is possible to see that the results are similar to the

corresponding case with ru ¼ 0:25. We also performed experi-

ments with ru ¼ 0;10: even if the shape of the curves slightly

changes, the relative ordering of the tests in terms of schedulability

performances remains the same.
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As a side remark, note that, since we are using the constrained

deadline model, no scheduling algorithm can reach a schedulable

utilization in the number of processors. We included the continu-

ous curve labeledwith TOT just to give an upper bound on the num-

ber of feasible task sets. This curve does not represent the number

of EDF-schedulable task sets, neither it indicates howmany task sets

are feasible. It gives an indication on howmany generated task sets

are not for sure infeasible – using techniques from [5] – at the con-

sidered utilizations. If an exact feasibility test existed, its curve

would be below the TOT curve. Moreover, considering that EDF is

not optimal for multiprocessors, a hypothetical necessary and

sufficient schedulability test for EDF would have an even lower

curve.

Finally, to evaluate the effectiveness of our QPA-based imple-

mentation of FFDBF, we compared the number of steps taken in

all experiments by procedure QPAÿ FFDBF with the number of

deadlines checked using the original FFDBF algorithm. With

two processors, the total number of points checked by
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QPAÿ FFDBFðsÞ is 87% less than with the original algorithm. It is

worth noting that we found task sets for which the original algo-

rithm needed to check more than 5� 106 deadlines, while

QPAÿ FFDBFðsÞ never needed to check more than 105 points.

Increasing the mean utilization of the generated task sets to 0.50,

the improvement is similar (89%), as it is increasing the number

of processor to m ¼ 4ð87%Þ and m ¼ 8ð90%Þ.

6. Conclusions

We presented a detailed description, with a homogenous

notation, of the main existing schedulability tests for global EDF

scheduling on an identical multiprocessor platform, considering

sporadic task sets with constrained deadlines. The performances

of all tests have been compared by means of exhaustive simula-

tions as well as of analytical considerations, taking into account

dominance relations, processor speedup factors, run-time com-

plexities, sustainability issues, and average performances over

different sets of randomly generated loads.

For many of the existing tests, we proposed extensions that are

able to either find a larger number of schedulable task sets, or de-

crease the run-time complexity. An accurate analysis of the perfor-

mances allowed the creation of an algorithm (COMP) that combines

the major advantages of the existing techniques, in terms of both

run-time complexity and success ratio. This algorithm can be effi-

ciently used to check the schedulability of a set of tasks with hard

real-time requirements, with an optimal processor speedup factor

and a pseudo-polynomial run-time complexity. Our proposed

improvement to the FFDBF test, obtained by incorporating the no-

tion of quick convergence from Zhang and Burns’ QPA [25], provides

a further performance improvement to this combined test. When

event faster schedulability tests are needed, comparable perfor-

mances can be reached using a polynomial Oðn2Þ test (BCL). For

even faster decisions, a linear complexity test (GFB) can be adopted

with acceptable performances, as long as the number of processors

is small, or there is no heavy task. This latter test allows as well a

sustainable schedulability analysis at a small computational cost.
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